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Abstract

Detecting community structures in social networks is a very important task in
social network analysis as these community structures explain relationships
among individuals and can be used to predict social behavior. The relation-
ship among subcommunities in each community can further be identified as
hierarchical community structures, in which each super node at each hier-
archical level represents a nested structure of communities or nodes. Most
previous studies attempting to detect hierarchical community structures fo-
cused on new metaheuristics that are computationally efficient but do not
guarantee the optimal community partition. As a result, this work applies
a novel integer programming (IP) approach to detect hierarchical commu-
nity structures in social networks. This approach has flexible community
capacity limits, does not limit the community numbers at different levels,
and maximizes a quality measure for hierarchical community partition. The
proposed IP approach can use existing software solvers to detect hierarchical
community structures without implementing an algorithm. Visual analysis
of experimental results shows that the proposed model with different set-
tings for level numbers can analyze reasonable and sophisticated hierarchical
community structures, such that the relationships between communities at
different levels can be elucidated clearly.
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1. Introduction

A social network can be regarded as a graph in which each individual is
represented as a node, and the social relationship between two individuals is
represented as a link between the two corresponding nodes [48]. Figure 1(a)
shows an example of nodes and their connections. Recent social network
analysis has become increasingly popular, as it helps elucidate the social
behavior and backgrounds of individuals [2, 41, 46]. Some previous studies
applied the cluster analysis to social networks, in which the nodes within
each cluster are strongly connected with each other (i.e., interactions within
the same cluster are strong), and the links between two different clusters are
connected weakly [10, 20, 47]. Extended from cluster analysis, the individuals
with similar backgrounds or interests interact frequently and generally gather
together to form one or several communities. A structure with multiple
communities for the social network is called a community structure [6, 7,
27], e.g., nodes with the same color that belong to the same community,
which is encircled by blue dots (Figure 1(a)). Hence, differing from previous
studies using cluster analysis, the degree of similarity is regarded as the
evaluation criterion for detecting/partitioning community structures in social
or complex networks [28].

Recent works further investigated the hierarchical relationships in com-
munity structures. Each community may have subcommunities based on
the strong similarities among individuals, such that the hierarchical rela-
tionship forms a nested structure called a hierarchical community structure
[5, 11, 35] (Figure 1(a)), and the hierarchical relationship is represented by a
tree-like dendrogram (Figure 1(b)), in which each community is represented
by a node and the hierarchical relationship is represented as a tree. The
hierarchical community structure provides information about a community
partition and the hierarchical level division for large-scale complex social
networks, such that sophisticated social behaviors and interactive relation-
ships among each node can be realized. Hence, this hierarchical community
structure has garnered considerable attention and has been applied in both
science and engineering.

Most previous works were lacking in three important ways. First, to the
best of our knowledge, no mathematical programming methods have been
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Figure 1: The hierarchical community structure of the Facebook network instance detected
by the proposed IP approach with the setting of 6 hierarchical levels. (a) Drawing the
detected structure, and (b) dendrogram of the detected structure.
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developed to detect hierarchical community structures. Most previous works
designed heuristics or metaheuristics to generate approximate solutions for
hierarchical community detection in social or complex networks [11, 32, 33,
36, 37, 45]. Although those approaches are computationally efficient, they
cannot guarantee that exact optimal solutions will be obtained. Notably,
[21, 43] developed the mathematical programming methods for detecting
community structures without any hierarchy.

Second, most previous works (e.g., [32, 36, 37]) did not apply flexible
community capacity limits for different hierarchical levels. In a hierarchi-
cal community structure, the community capacity limit markedly affects the
quality of detecting the community structure at each hierarchical level. For
larger networks, when the community capacity limit is too small, a hierarchi-
cal community structure with too many similar communities at the same hi-
erarchical level is typically detected; for small networks, when the community
capacity limit is too large, a community structure with different community
sizes will be detected. Although some studies (e.g., [43]) used the community
capacity limit to avoid excessively large differences between communities, the
community capacity limit was fixed for all hierarchical levels.

Third, many works applied an upper bound for the number of commu-
nities at each hierarchical level. Generally, the number of communities at
different hierarchical levels differs, and, hence, most works (e.g., [11, 33, 45])
set an upper bound for the number of communities at each hierarchical level
according to experience. However, an upper bound that is too large or too
small tends to generate unreasonable community structures, adversely affect-
ing the structure’s quality.

This work applies a novel integer programming (IP) approach to detect
hierarchical community structures in social networks. This approach has
flexible community capacity limits for different hierarchical levels and the
number of communities at each hierarchical level is not restricted, such that
reasonable hierarchical community structures are detected efficiently and ef-
fectively according to a predetermined number of hierarchical levels. The
hierarchical community structure facilitates observation of the information
for the community partition and the hierarchical level divisions. Addition-
ally, the proposed approach overcomes the three main limitations. Finally,
visual analysis of detected hierarchical community structures for three real
social network instances helps elucidate detection results. Comparison with
approaches in previous studies shows that the proposed approach performs
better.
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The remainder of this paper is organized as follows. Section 2 reviews
related studies, including those focused on detecting community structures
and hierarchical community structures. Section 3 describes the proposed
IP approach. Section 4 analyzes experimental results for two benchmark
network instances as well as a real social network instance collected from the
Facebook website. Section 5 gives conclusion and directions for future work.

2. Related Works

This section discusses the detection of community structures and hier-
archical community structures in social networks or complex networks. In
addition, the similarity or quality measures that assess community structures
are also examined.

2.1. Detection of Community Structures

Various methods for detecting community structures based on conven-
tional graph clustering methods have been proposed, including the hierarchi-
cal clustering algorithm [12, 8, 25], graph partitioning [1], k-means clustering
[23], particle swarm optimization [3], and bee colony optimization [18]. Sub-
sequently, novel methods for detecting community structures were proposed.
For example, [43] proposed an IP method that applied a community capacity
limit and minimal difference for numbers of nodes in different communities.
In [13], a weight was assigned to each node in a network, and then the
conventional k-means clustering method was applied to classify nodes into k
communities. A nonlinear programming model was established in [21], which
also adopted the Lagrangian method to reduce time complexity of computing
the model. In [40], a novel algorithm was proposed to detect dynamic com-
munities in social network, such that the effect of noisy data was eliminated,
and the real community structure and abnormal events were discovered. In
[46], a method with supervised learning mechanism was proposed to incor-
porate prior information into community structure detection.

Metaheuristics have been recently employed to detect community struc-
tures. In [9], particle swarm optimization was applied to detect community
structures, and experimental results showed that the isolated nodes can be
detected with increased ease. A genetic algorithm (GA) developed in [31]
to solve the community detection problem with a single-objective function
based on community score; the quality of the detected community structures
was better than that of the previous GA approaches. A GA approach was
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also proposed in [15] to solve the community structure detection problem
with a multi-objective function, improving the single-objective function de-
signed in [31]. The k-means algorithm was first adopted by [22] to find an
initial solution, which considered link length between nodes in a network,
and then applied the simulated annealing algorithm to detect community
structures. Experimental results showed that aside from visualizing the de-
tected community structure, the most important node in each community
was also found. In [16], ant colony optimization algorithm was applied to
detect community structures, in which each ant represented a network node;
each ant then iteratively selected whether to join a community; and finally,
a community structure was found after each ant determined its community.

To assess the quality of detected community structures, various similarity
or quality measures were applied, including internal density [19], normalized
mutual information (NMI) [6], and function-modularity intensity [38]. To
minimize difference among different communities, [19] used the proposed
internal density to compute the density of links in each community, and
attempted to balance the link densities of all communities. Based on the
theory of probability and statistics, [6] proposed the NMI, which measures
the length of the correlation between each pair of communities in the de-
tected community structure. As the NMI value increases, the quality of the
community structure increases.

Aside from these measures for detected community structures, the mod-
ularity metric (Q value) [26, 28] has been a very popular quality measure.
The Q value is the sum of differences of the fraction of all links within each
community minus the expected value of the same quantity in a network in
which nodes have the same degrees but links are placed randomly, which is
computed as follows:

Q =
K∑
k=1

(
Lk

L
− (

Dk

2L
)2
)

(1)

where K is the number of communities; L is the number of links in a network;
Lk is the number of the links in the k-th community, i.e., the two end nodes
of each link are allocated to the k-th community; Dk is the sum of the
degrees of nodes in the k-th community. Such a notation is derived from
assessing the differences in the expected values of the link ratios before and
after community detection. When the Q value is 0, nodes in the network
are distributed at random partitions and no obvious community structure
exists; when the Q value approaches 1, the network has a strong and obvious
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community structure.

2.2. Detection of Hierarchical Community Structures in Social Networks

Many studies found that the detected community structure may have so-
phisticated relations, including hierarchical community relationships [5, 11,
35] and overlapping community relationships [29, 30]. In hierarchical com-
munity structures, a hierarchical relationship exists among communities, i.e.,
a community can be divided further into multiple subcommunities. On the
other hand, community structures overlap, some nodes in the network may
belong to more than one community simultaneously, and the overlapping
nodes may be classified into multiple communities. Since this work focuses
on only hierarchical community structures, only major studies on these struc-
tures are reviewed.

Aside from information about distributing nodes to different communi-
ties, hierarchical community structures can further provide information on
community distribution at different hierarchical levels to assist in identifying
the inner structure of a network. Hence, hierarchical community structures
have been detected in many complex networks. As well, numerous studies
(e.g., [32, 36, 4, 34, 14]) have proposed approaches to detect hierarchical
structures in complex networks, and applied their approaches to real social
networks. Notably, [32] improved the agglomerative algorithm and objective
function, and applied a two-stage algorithm to detect hierarchical community
structures; the first stage improved objective function to determine the num-
ber of communities in the network; and then the second stage determined
the total number of hierarchical levels. An algorithm that repeatedly merges
nodes according to a similarity matrix and a probability matrix was devel-
oped by [36], and the algorithm detected hierarchical community structures
for a karate club network and a network of college football games. A generic
model was developed by [4] to generate an arbitrary hierarchical structure
for a random graph, which can provide a mathematically principled means to
learn about the hierarchical organizations of real-world graphs. Their model
was also applied to the karate club network and college football games net-
work, and the results showed that their model is suitable for small graphs.
A model to detect the hierarchical community structure for social networks
was developed by [42]. In this model, the link between two members in-
dicates that the two members exchanged at least one letter. Their model
aimed to determine the conditions under which the average length of a mes-
sage chain connecting a randomly selected sender to a random addressee is
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small. Boettcher and Percus [34] constructed a hierarchical network model
that combines two generic properties of hierarchical organization—scale-free
and a high degree of clustering—and then analyzed the relationships among
actors in the same Hollywood movies. A procedure was developed by [14]
for detecting hierarchical communities in a real social network based on the
communication relationship of emails in a medium-sized university. In the
email network, each email address represented a node, and the communica-
tion between two nodes represented a link. By analyzing the email network,
accurate and nonintuitive description of the flow of information within hu-
man organizations was obtained.

3. Proposed IP Approach for Detecting Hierarchical Community
Structures

This section describes the problem of detecting hierarchical community
structures, and then proposes the IP approach.

3.1. Problem Description

Consider a social network that consists of nodes and links, in which each
node represents an individual in the social network, and each link represents
the social relationship between the two end node individuals. Given such
a social network (Figure 2(a)) and the number of hierarchical levels (e.g.,
4 levels are predetermined (Figure 2)(b)), the problem considered is to es-
tablish an IP model for detecting a hierarchical community structure for a
social network (e.g., Figures 2(b) and 2(c)) according to the number of its
hierarchical levels.

3.2. The Proposed IP Approach

The proposed IP approach has the following three main attributes:

• Flexible community capacity limits for different hierarchical levels: Re-
gardless of the number of levels and network size, previous studies
assumed a fixed community capacity limit, i.e., this limit restricts the
fixed maximal number of links allocated to each community, such that
the number of links in each community is increasingly uniform. How-
ever, if the applied fixed community capacity limit is too small for a
large network, almost all detected communities at the same hierarchical
level have similar numbers of links and therefore look very similar. Con-
versely, if a fixed community capacity limit that is too large is applied
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Figure 2: (a) A simple network instance with 7 nodes and 7 links. (b) The dendrogram of
the detected hierarchical community structure for the network instance. (c) The drawing
of the detected hierarchical community structure. (d) A construction feature of the IP
model for detecting the hierarchical community structure of this simple network.

to a small network, the detected communities at the same hierarchi-
cal level could be excessively different, and some of those communities
may contain too few nodes. Therefore, we assume flexible community
capacity limits for different hierarchical levels, and these limits depend
on number of levels and network size.

• No upper bound for the number of communities at each hierarchical
level: Previous work assumed an upper bound for the number of com-
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munities at each hierarchical level. When restricted to this bound,
some communities at a certain hierarchical level cannot be detected,
and furthermore, the community detection at the adjacent higher level
is adversely affected. The proposed IP approach does not have this
bound; therefore any number of communities, within reason, can be
detected.

• Allow the user to predetermine the total number of hierarchical levels:
By predetermining the number of hierarchical levels, the community
structures with different numbers of hierarchical levels and different
community constitutions at each hierarchical level could be detected
by the proposed IP model, and an increased number of insights into
the target network instance can be observed.

According to the scale of the target network instance, the network is
classified into T+1 hierarchical levels, labeled 0, 1, ..., T from lowest to highest
(Figure 2(b)). Note that T is predetermined by the user according to the
network scale. In our IP approach, the number of communities at level 0
equals the number of nodes, and each community at level 0 contains only
one node. The IP approach can be characterized as a method of allocating
nodes to super communities at each level in a bottom-up fashion, even though
the IP solver may not perform in this order. Let L be the number of links
in the network. For each t = 1, 2, ..., T , the community capacity limit at
level t is set as L/(t/T ), and then communities or nodes are allocated to
different super communities under this limit, while the Q value at this level
is maximized. Finally, all communities at level T −1 are merged into a single
super community at level T .

In the following, the IP model is presented in detail. Notations used in
this model are as follows:

• Parameters:
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N Number of nodes.
L Number of links.
T Number of hierarchical levels minus one.
K Number of communities including dummy communities. Let

K = N · (T + 1), i.e., each level has N communities. The
idea of such a setting is explained as follows. Each of all N
nodes is a community at level 0, and all the N communities
at level 0 are classified into the N communities at level 1 (in
which some N communities doe not include a node, and are
therefore dummy communities); this process then continues
until all communities are allocated to a single community at
level T .

dn Number of degrees of node n.

• Indices:
n, e Node index (n, e = 1, 2, ..., N).
l Link index (l = 1, 2, ..., L).
m, k Community index (m, k = 1, 2, ..., K).
t Hierarchical level index (t = 0, 1, ..., T ).

• Variables:
Y t
n,k The variable of determining whether node n is assigned to the

k-th community at level t, i.e.,

Y t
n,k=

{
1, assigned;
0, otherwise.

X t
l,k The variable of determining whether link l is assigned to the

k-th community at level t, redi.e.,

X t
l,k=

{
1, assigned;
0, otherwise.

Lt
k The total number of links in the k-th community at level t.

Dt
k The total sum of the degrees of the nodes in the k-th commu-

nity at level t.

The objective function for detecting hierarchical community structures in
this work differs from that in [28], which focused on detecting the community
structures at only one level. To detect community structures with multiple
levels, the objective function is obtained by tailoring the Q value in (1) as
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follows:

QH =
T∑
t=1

N∑
k=1

(
Lt
k

L
− (

Dt
k

2L
)2
)

Different from the Q value, the objective function QH additionally introduces
the index t of hierarchical level, i.e., the Q values of community structures for
all levels are summed as the QH value to evaluate the quality of community
structures for all levels. Consequently, the IP model is as follows:

Maximize QH =
T∑
t=1

N∑
k=1

(
Lt
k

L
− (

Dt
k

2L
)2
)

(2)

subject to
K∑
k=1

Y t
n,k = 1,∀n, t (3)

N∑
n=1

Y 0
n,k = 1,∀k (4)

2 ·X t
l,k ≤ Y t

n,k + Y t
e,k,∀l = {n, e}, k, t (5)

Lt
k =

L∑
l=1

X t
l,k, ∀k, t (6)

0 ≤ Lt
k ≤

L

(T/t)
, ∀k, t ∈ {1, 2, ..., T} (7)

Y t
n,k + Y t

e,k ≤ Y t+1
n,m + Y t+1

e,m ,∀n 6= e, k,m, t ∈ {0, 1..., T − 1}(8)

Dt
k =

N∑
n=1

dn · Y t
n,k,∀k, t (9)

N∑
n=1

Y T
n,1 = N (10)

This IP model is explained as follows. Objective (2) maximizes the objec-
tive function QH . As the value of QH increases, the quality of communities
at all levels increases (i.e., the nodes within each community are connected
densely with each other, while links between two different communities are
connected sparsely), and vice versa. Constraint (3) ensures that each node
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at each level must be allocated to a community. Constraint (4) ensures that
each node at level 0 forms a community with only one node.

Constraint (5) ensures that each link l with end nodes n and e at each
level t is connected with nodes n and e, and if both the two nodes are
allocated to the k-th community at level t (i.e., Y t

n,k = Y t
e,k = 1), then link

l is also allocated to this community (i.e., X t
l,k = 1). Consider the example

in Figure 3, in which link l is connected with nodes e and n at level t; link
l′ is connected with nodes n and e′. For link l, since its two end nodes e
and n are located in community k1 (i.e., Y t

e,k1
= Y t

n,k1
= 1), Constraint (5)

(i.e., 2 · X t
l,k1
≤ 1 + 1) and the maximized objective function ensure that

link l is allocated to community k1 (i.e., X t
l,k = 1). For link l′, since its

two end nodes n and e′ are located in two different communities k1 and k2,
respectively (i.e., Y t

n,k1
= Y t

e′,k2
= 1 but Y t

n,k2
= 0), Constraint (5) (i.e.,

2 ·X t
l′,k2
≤ Y t

n,k2
+ Y t

e′,k2
= 0 + 1) ensures that link l′ cannot be allocated to

community k2 (i.e., X t
l′,k2

= 0).

 
 

 

 

node 

link 

community 

level t 

Figure 3: Illustration of Constraint (5).

Constraint (6) computes the total number of links contained in the k-
th community at level t. Constraint (7) computes the community capacity
limit at each level according to the number of levels; notably, capacity limit
L/(t/T ) at level t is flexible as it is adjusted according to the number of
levels t of concern and the number of levels minus one (i.e., T ). Constraint
(8) ensures that if nodes n and e are assigned to the k-th community at level
t, then they must be assigned to some community m at the adjacent higher
level t + 1. Consider the example of constructing a hierarchical community
structure in Figure 2(d). From the lowest level to the highest level of the
hierarchy, if two nodes belong to the same community at a level, then they
also belong to the same community at the adjacent higher level. For instance,
nodes 1 and 5 are allocated to the 3rd community at level 1, they are allocated
to the 2nd community at level 2 (i.e., Y 1

1,3 + Y 1
5,3 ≤ Y 2

1,2 + Y 2
5,2), and they are
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allocated to the 1st community at level 3 (i.e., Y 2
1,2 + Y 2

5,2 ≤ Y 3
1,1 + Y 3

5,1).
Constraint (9) computes the total sum of the degrees of all nodes in the k-

th community at level t; Constraint (10) ensures that all nodes at the highest
level must be allocated to the community indexed by 1.

Generally, decision variables in an IP model are determined simultane-
ously; however, to elucidate the proposed IP approach, decision variables
for detecting hierarchical community structures in this IP approach can be
characterized as being determined from the bottom upward (e.g., see the
bottom-up construction in Figure 2(d) for detecting the hierarchical commu-
nity structure for the network in Figure 2(a)). Initially, each node is under-
stood as a community at level 0. The hierarchical community structure can
be regarded as being constructed by allocating each community at each level
to a community in its adjacent higher level. Notably, the community capac-
ity limit for different hierarchical levels differs according to Constraint (7).
A similar allocation process continues from the lowest level to the highest
until all communities are allocated to a single community at the top level.

4. Experimental Design and Results

To assess the performance of the proposed IP approach, its performance
on three real social network instances is assessed experimentally. The pro-
posed IP model is solved using the IBM ILOG CPLEX Optimizer on the
Microsoft Windows 7 Enterprise 64-bits platform using an Intel CoreTM2
Quad CPU Q9550 @ 2.83GHz with 8 GB memory. Drawings of the detected
community structures are generated by yEd graph editor1.

4.1. Network for Zachary’s Karate Club

The first network instance, the well-known benchmark social network,
represents the relationships among the members in a karate club, which was
observed by Zachary from 1970–1972 [44]. The network graph has 34 mem-
bers (nodes) and 78 links; each link represents a social relationship between
the two end nodes of a link.

Figure 4(a) shows the dendrogram of the hierarchical community struc-
ture for this network instance detected by the proposed IP approach. The
number of community levels is set at 4, and the QH value for the detected

1The yEd graph editor is obtained via the following URL:
http://www.yworks.com/en/products yed about.html
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structure is 0.802. In the drawing of the detected structure (Figure 4(b)),
nodes of the same color belong to the same community at level 1; each com-
munity at level 2 is encircled by red dashes; and all the nodes are grouped
together at level 3 but are not marked.
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Figure 4: (a) Dendrogram of the detected hierarchical community structure for Zachary’s
karate club network. (b) Drawing of our detected structure. (c) Drawing of the structure
detected by [17]. (d) Drawing of the structure detected by [24].

Nodes in the two super communities at level 2 are connected strongly with
nodes 1 and 34, respectively (Figures 4(a) and 4(b)). In the real Zachary’s
karate club, node 1 is the coach of the club, and node 34 is the owner of
the club. Hence, the detection result is the same as those in most previous
works in that karate club members are divided into two groups that have
a close relationship with the coach or a close relationship with the owner.
Differing from detection results in previous works, the detection result in
this work (Figure 4(b)) also finds that each community at level 2 (encircled
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by red dashes) is divided into two subcommunities at level 1, where the key
member belongs to the larger subcommunity.

The detection result for Zachary’s karate club (Figure 4(b)) by the pro-
posed approach is compared with the detection result in [17] (Figure 4(c))
and the detection result in [24] (Figure 4(d)). The QH values are as follows:
this work, 0.802; [17], 0.411; and [24], 0.752 (Table 1). The total QH value
(i.e., 0.802) and the QH value at each level (i.e., 0.417 at level 1 and 0.384
at level 2) in this work are largest. Hence, we conclude that the structure
detected by the proposed approach preforms best in terms of the total QH

value and the QH value at each level.

Table 1: Comparison of detection results for Zachary’ karate club network.

Method Level Community number QH at QH

k = 1 k = 2 k = 3 k = 4 k = 5 k = 6 k = 7 each level

Our t = 1 0.066 0.147 0.049 0.155 – – – 0.417 0.802
t = 2 0.199 0.186 – – – – – 0.384
t = 3 0.000 – – – – – – 0.000

[17] t = 1 0.011 -0.019 -0.022 0.068 -0.004 -0.008 0.066 0.093 0.411
t = 2 0.173 0.087 -0.008 0.066 – – – 0.318
t = 3 0.000 – – – – – – 0.000

[24] t = 1 0.186 0.094 0.101 – – – – 0.381 0.752
t = 2 0.186 0.186 – – – – – 0.372
t = 3 0.000 – – – – – – 0.000

In a visual comparison (Figure 4(c)), node 1 (coach) is isolated from the
other nodes (QH value of the community with node 1 at level 1 as well as
level 2 is -0.08, less than that of any community in the detection result in this
work and that in [24]), such that members who have close social relationships
with the coach cannot be identified. The other key member, node 34 (club
owner), has the same problem: node 34 is isolated from the other nodes in
the leftmost community (community encircled with red dashes) (Figure 4(c)).
Additionally, the scenario in which nodes 33 and 34 belong to the same com-
munity at level 1 (Figure 4(c)) (where the QH value of the community with
nodes 33 and 34 at level 1 is -0.02) is strange because no link exists between
the two nodes. Consequently, the detected hierarchical community structure
for Zachary’s karate club network by the proposed approach provides more
reasonable information than that detected by the approach in [17].
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To the best of our knowledge, [24] is one of the most recent attempts to de-
tect the hierarchical community structure for Zachary’s karate club network.
A comparison of detection results (Figure 4(b) and Figure 4(d)) indicates
that both meet the requirement for the real network: two communities are
centered at nodes 1 and 34, respectively, at level 2 (i.e., the two red-dashed
communities in each figure). In addition, both detection results divide the
community centered at node 1 (i.e., the right community encircled with red
dashes) into two subcommunities; however, these two subcommunities have
different members (green nodes and brown nodes (Figures 4(b) and 4(d))).
The total QH values of the two subcommunities at level 1 by the proposed
approach and that in [24] are 2.13 (= 0.066 + 0.147) and 0.195 (= 0.101 +
0.094), respectively. Therefore, the detected hierarchical community struc-
ture for the two subcommunities performs better than that in [24] in terms of
QH value. Moreover, although the method in [24] cannot detect the partition
of the community centered at node 34 (i.e., the left community encircled by
red dashes in Figure 4(d)), the proposed approach finds the subcommunity
of members close to node 34 (i.e., yellow nodes in Figure 4(b)).

4.2. Network for College Football Games

The second network instance, that for the college football games in Divi-
sion IA in the US in Fall 2000 [27], includes 115 teams from 12 conferences, in
which each conference has 8–12 teams, and teams from the same conference
have more chance to compete. In this network instance, each node represents
a team, and a link exists between two nodes if there was ever a football game
between the two teams represented by the two nodes.

Figures 5(a) and 5(b) show the hierarchical community structure detected
by the proposed IP approach. The QH value for the detected structure is
1.176. This detection result is compared with that detected by [39] (Figure
5(c)), which is one of the most recent detection results for this network. Their
QH values are also compared (Table 2). At level 1, both methods detected the
same 12 communities at level 1 (QH at level 1 for both results is 0.598), which
are similar to the division of the 12 conferences of the college football games
but have more precise relationship on competition among teams, which has
been shown in [39].

The primary difference between this detection result and the previous
detection result in [39] is the community partition at level 2 (Figures 5(b)
and 5(c)); in this study, five communities exist at level 2 (QH value at level
2 is 0.577); and in the previous study, only three communities exist (QH
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Figure 5: (a) Drawing of the detected hierarchical community structure for the network
of college football games. (b) Dendrogram of the detected structure by the proposed
approach. (c) Dendrogram of the structure detected in [39].
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Table 2: Comparison of the results detected by the proposed approach and the method in
[39] for the network of college football games.

Method Level Community number QH at QH

k = 1 k = 2 k = 3 k = 4 k = 5 k = 6 k = 7 k = 8 k = 9 k = 10 k = 11 k = 12 each level

Our t = 1 0.052 0.009 0.067 0.043 0.078 0.062 0.067 0.022 0.055 0.041 0.051 0.052 0.598 1.176
t = 2 0.131 0.158 0.067 0.102 0.120 – – – – – – – 0.577
t = 3 0.000 – – – – – – – – – – – 0.000

[39] t = 1 0.052 0.009 0.067 0.043 0.078 0.062 0.067 0.022 0.055 0.041 0.051 0.052 0.598 1.074
t = 2 0.131 0.640 0.181 – – – – – – – – – 0.476
t = 3 0.000 – – – – – – – – – – – 0.000

value at level 2 is 0.476). That is, the first three communities at level 2
(Figure 5(b)) are merged into one (Figure 5(c)). Three communities at level 2
(i.e., the central and the two rightmost communities encircled by red dashes)
have fewer inter-community links between them than inner-community links
(Figure 5(a)). Hence, the three communities are reasonable but are not
detected by the previous approach. In addition, the proposed IP approach
yields a higher QH value at level 2 (Table 2). Therefore, we conclude that
the detection result obtained by the proposed approach is more precise than
that by the approach in [39].

4.3. The Facebook Social Network

The third network instance uses the data collected from the Facebook
website. Each user can communicate with friends on his/her friend list via
some interactive behaviors, including sending messages and photos, posting
on walls, and recording a “Like”.

The Facebook network instance in this work addresses the friend lists of
50 graduate students who interact frequently. The students are studying for
their M.S. degrees in Industrial Engineering (IE), Statistics, or Power Me-
chanical Engineering (PME) at National Chiao Tung University (NCTU),
National Tsing Hua University (NTHU), or National University of Kaohsi-
ung (NUK). Most of these students obtained their bachelor degrees in IE at
NUK and are now studying for their M.S. degrees in IE at NCTU. Since IE
programs at NCTU and NTHU are two of the best IE programs in Taiwan,
and their campuses are adjacent geographically, students studying at the two
universities often interact. In addition, since the IE and PME departments
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are located in the same building at NTHU, these students also have numerous
interactions. Another portion of students studied for their bachelor degrees
in Statistics at NUK and are studying for their M.S. degrees in Statistics at
NCTU. These students interact frequently with those who have a bachelor
degree in IE at NCTU because of their shared academic history.

In the Facebook network instance, each node represents a graduate stu-
dent, and two students are linked when one of the two students has posted
a message on the wall of the other Facebook friend. After selecting 50 nodes
according to wall posting and friend lists, this network instance has 100 links.
In the following, different numbers of hierarchical levels are used to analyze
the detected hierarchical community structures.

First, the number of hierarchical levels is set to 3. The detected commu-
nity structure (Figure 6) has a QH value of 0.56865. The nodes at level 1 are
divided into 8 communities, and the nodes in the same community are con-
nected densely, while the links between communities are sparse (Figure 6).
In the real social relationships on the network, nodes in red, orange, brown,
and dark-green represent students majoring in IE; the nodes in yellow and
light-green represent those majoring in Statistics; and the blue and purple
nodes represent those majoring in PME.

The number of hierarchical levels is further set to 4. The detected commu-
nity structure (Figure 7) has a QH value of 1.1485. Each of the 7 communities
at level 1 is strongly connected. At level 2, the communities in orange, yel-
low, and brown form a super community; the communities in blue and purple
form another; and the remaining two communities, that in red and that in
green, are not merged with any other community. In real social relationships
on this network, the four communities at level 2 (encircled by red dashes)
correspond to the universities where these students received their bachelor
degrees. Most nodes in the largest community at level 2 (i.e., orange, yellow,
and brown nodes) graduated from NUK; most red and green nodes gradu-
ated from NCTU; most of the nodes in in blue and purple colors graduated
from NTHU.

Furthermore, the roles of some individuals in the network are discussed
as follows. Node 19, a female graduate student studying for an M.S. degree
in IE at NTHU, had been playing a leadership role since she was studying
for her bachelor degree at NUK. Hence, the detected community structure
shows that although she belongs to the brown community and has only one
link to each of the yellow and orange communities based on the information
at level 1, she has closer relations to the two communities at level 2. In
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Figure 6: The hierarchical community structure of the Facebook network instance detected
by the proposed IP approach with the setting of 3 hierarchical levels. (a) Drawing the
detected structure, and (b) dendrogram of the detected structure.
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Figure 7: The hierarchical community structure of the Facebook network instance detected
by the proposed IP approach with the setting of 4 hierarchical levels. (a) Drawing the
detected structure, and (b) dendrogram of the detected structure.
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addition, since the IE and PME departments at NTHU are located in the
same building, she also interacts with a student in the PME department
(i.e., purple and blue nodes). In reality, node 21 is a male graduate student
studying for his M.S. degree in PME at NTHU who enjoys interacting with
others in his neighborhood. Node 21 has more connections with nodes at the
same university (NTHU) and the same department (PME) than with nodes
in other departments (Figure 7).

To gain additional insights into the network, the number of hierarchical
levels is set to 5. The QH value is 1.6861 (Figure 8). The major difference
from previous results is that all the nodes are divided into two super com-
munities at level 3. In reality, the two super communities comprise NCTU
graduates (left) and NTHU graduates (right). Furthermore, each of these
two super communities at level 3 is divided into two communities at level
2 (i.e., the four communities encircled by red dashes). In reality, the four
communities at level 2 correspond to four departments, and are called depart-
ment communities in the following. At level 1, the department communities
at level 2 are further divided into multiple subcommunities. Note that the
subcommunities formed of red and orange nodes belong to the same super
community at level 2. In reality, the red and orange nodes are supervised by
two different professors, but interact frequently because the two professors
cooperate academically.

When the number of hierarchical levels is set to 6, the QH value is 2.2588
(Figure 1). The 8 communities at level 2 (Figure 1(b)) are the same as those
at level 1 (Figure 8(b)). That is, different from the detection result in Figure
8, more small communities are found at level 1 (e.g., pink community with
nodes 16 and 17, the beige community with nodes 18 and 19, and the azure
community with nodes 9, 21, and 25) (Figure 1). In reality, the nodes in the
same community at level 1 are very close friends.

Since the detection result with 6 levels has more communities at level 1,
close relations among individuals are found. Hence, it is of interest to set
more levels to look into more insights. The detection result with the setting
of 7 levels (Figures 9 and 10(a)) has a QH value of 2.8629. The communities
at levels 2 and 3 (Figure 10(a)) are similar to those at level 2 (Figure 1(b)),
but are merged differently (e.g., the pink community (nodes 16 and 17) and
the beige community (nodes 18 and 19) are merged with the others at level
2, but the azure community (nodes 9, 21, and 25) is merged with the others
at level 3). By reality and a comparison of the dendrograms in Figures 1(b)
and 10(a), the relationship between the pink and beige communities is closer
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Figure 8: The hierarchical community structure of the Facebook network instance detected
by the proposed IP approach with the setting of 5 hierarchical levels. (a) Drawing the
detected structure, and (b) dendrogram of the detected structure.
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Figure 9: The hierarchical community structure for the Facebook network instance de-
tected by our IP approach with the setting of 7 hierarchical levels.

than the azure community.
Since the detection results with 6 and 7 hierarchical levels are similar,

8 hierarchical levels are used (Figure 10(b)), yielding a QH value of 3.4656.
The detection result in Figure 10(b) is roughly the same as that in Figure
10(a) except that the community originally merged at level 2 (Figure 10(a))
is merged at level 3 (Figure 10(b)). The detection result with 7 levels is best,
as the other detection results do no differ significantly.

5. Conclusion and Future Work

As no previous works have proposed a mathematical programming ap-
proach that detects hierarchical community structures in social networks,
this IP approach is novel. This approach allows a user to employ an existing
software solver without implementing an algorithm. Different from meta-
heuristics that do not guarantee the optimal solution, the IP approach is
simple and efficient for solving moderately-sized problems, and guarantees
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Figure 10: The dendrograms of the hierarchical community structures of the Facebook
network instance detected by the proposed approach with the settings of (a) 7 hierarchical
levels and (b) 8 hierarchical levels.

26



solution optimality. In addition, the proposed approach uses flexible com-
munity capacity limits for different hierarchical levels according to problem
scale. To assess the performance of the proposed approach, three network
instances were experimentally tested. The detected hierarchical community
structure for the first network instance, the karate club, by the IP method
provides more information than that detected by previous methods. Ex-
perimental results for the second network instance, the network for college
football games, reasonably displays competitive conditions for teams, and
provides more information than that by previous methods. The last network
instance is from the friend lists of real students on the Facebook website.
Comprehensive analysis of this case successfully identified complex social
behavior and personal backgrounds in this real social network.

In the future work, a mathematical programming method that can detect
hierarchical community structures in dynamic social networks (i.e., nodes/edges
may be added or deleted at different times) will prove useful. Furthermore,
a mathematical programming method that detects a community structure
with hierarchical and overlapping relations simultaneously is also an inter-
esting direction. Metaheuristic algorithms are always popular approaches for
handling larger problem instances, even though solution optimality cannot
be guaranteed.
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